The definition of physical states is the main technical issue of canonical approaches towards Quantum Gravity. In this work, we outline how those states can be found in Einstein-Cartan theory via a continuum limit and they are given by finite dimensional representations of the Lorentz group.
I. INTRODUCTION
The quantization of General Relativity (GR) has interpretative and technical issues, which up to now prevented to successfully achieve a widely accepted quantum theory and suggested to look for alternatives, the most prominent being String Theory. In this work, we want to support the idea that canonical quantization can be performed, by proposing a formulation in which one can find physical states for GR in vacuum.
Physical states are the basic objects in the canonical quantization based on the Dirac prescription, in which the classical constraints are promoted to operators annihilating them in a suitable space. In geometrodynamics, to find physical states essentially means to solve the Wheeler-de Witt (WdW) equation [1] , which has been done only in symmetry reduced models [2] , the full theory being elusive. In Loop Quantum Gravity (LQG), several achievements concerning the definition of the operators associated with the constraints have been done [3] . These have been obtained via a reformulation of GR in terms of some SU (2) connections [4, 5] and the use of some tools proper of lattice gauge theories [6, 7] , such as the description of quantum states in terms of holonomies. A result of LQG is that one knows in which space to look for physical states, but, due to the complicated expression of the operators in terms of basic variables, one cannot get any explicit expression for them [8] .
One can interpret these difficulties as due to the peculiar structure of GR with respect to the other interactions for which the quantization tools have been developed. A peculiarity of GR is that the action contains second derivatives of fields. Indeed, a formulation with up to first derivatives exists, Einstein-Cartan gravity. We are going to outline how the constraints in Einstein-Cartan gravity take a simple form in loop representation, which allows us to manage them as quantum operators acting on Wilson loops of the spin connections. The issue is now that the system of constraints is second-class and the Dirac prescription is generically inconsistent. We propose a way to circumvent the second class character of the system of constraints on a quantum level, by performing a continuum limit.
The continuum limit is a key-point of any quantum theory of gravity. In WdW formulation, one deals with a continuous model, in which fields operators act as distributions. This poses several problems concerning regularization, since infinities are known to arise (see for instance [9, 10] ). A different point of view is commonly accepted in LQG. The idea is that the final theory is discrete and finite, such that once a discretization has been introduced, all physical quantities (included constraints) are finite. Hence, the continuum limit is just a tool to infer the low-energy limit of the theory, but the theory is fundamentally discrete. This interpretation is supported by the general expectation of a discrete geometry in Quantum Gravity.
Here instead, we consider a model which makes sense only in the continuum and we use the discretization only as a tool to solve the model. We will see how after the removal of the regulator (ǫ → 0) some operator diverges. This is not necessary an issue, since they are distributions ab-initio, and we require the corresponding constraints to hold as distributions as well, i.e. modulo some diverging (1/ǫ) factors. This is the same kind of interpretation adopted in lattice gauge theories, in which the lattice is not physical.
In particular, we will consider as states the Wilson loops of the spin connection, which are constructed out of holonomies of the Lorentz group. This will lead us to consider irreducible representations of the Lorentz group, which are generically infinite-dimensional. The study of irreducible representations of the Lorentz group has been originally performed in connection with conformal covariant models of interacting scalar fields (see [11] and references therein). Then, it has been reconsidered in Quantum Gravity in order to give a Lorentz covariant description of the SU (2) connections of LQG [12] [13] [14] [15] [16] . However, the description in terms of Lorentz representations has been proposed only as an intermediate step, the final aim being getting SU (2) representations. In fact, on a quantum level a crucial technical simplification occurs when working with a compact group: the measure can be inherited from the Haar measure of the group which is bounded.
Here, we consider ab-initio Lorentz holonomies and decompose into irreducible Lorentz representation, so we deal with un-normalized states already on a kinematical level, but we will outline how the expression of the scalar constraint simplifies with respect to LQG. The result of this analysis is a condition fixing the quantum numbers of the Wilson loops which are annihilated by the scalar constraint. We will demonstrate that a solution exists and it is given by finite dimensional representations.
II. HAMILTONIAN ANALYSIS OF EINSTEIN-CARTAN GRAVITY
The analysis of the Einstein-Cartan action in the tetrad formalism is relatively simple and shares some similarities with topological BF theory [17] (see [18] for a comparison). The action can be written as (in units c = 8πG = 1) 
In BF theory the Hodge dual of a generic two form B
IJ
µν replaces e e µ I e ν J and the theory is topological since from the variation with respect to B IJ µν it follows that the curvature vanishes. The total Hamiltonian is a linear combination of the following constraints [19] (see also [20] )
where π a IJ denotes the conjugate momentum of ω IJ a . The first two constraints are the scalar and vector constraints, which modulo the third one, coincide with the supermomentum and superHamiltonian constraints of the ADM formulation. Hence, they are associated with the invariance under coordinate transformations in the 3+1 representation. The third constraint is the Gauss constraint generating local Lorentz transformations and it arises in view of the invariance of the whole formulation under Lorentz transformations acting on internal indexes (which by definition do not change the form of the metric).
The last two constraints make the whole system of constraints second-class, since {C ab , D cd } and {D ab , D cd } do not vanish on the constraint hypersurface.
On a quantum level, the role of second-class constraints is more elusive than in classical physics. The standard Dirac procedure for quantization of first class constraints cannot generically be applied. In fact, let us suppose to have two second-class constraints A 1 = 0 and A 2 = 0, with {A 1 , A 2 } = B = 0. If we quantize the system and we consider same states ψ in the kernel of the operatorÂ 1 , i.e.Â 1 ψ = 0, then the action of the operatorÂ 2 takes ψ out of the kernel, sinceÂ
This is the case, unless one can solve bothÂ 1 ψ = 0 andÂ 2 ψ = 0, which imply that the operator associated to B vanishes. Of course, one should verify a posteriori whether such a restriction of states is too strong.
Returning to gravity, it is worth noting how the constraint D ab makes the whole system of constraints second-class, since the non vanishing Poisson brackets are {C ab , D cd } and {D ab , D cd }. A closer inspection on how the constraints (3) emerge reveals that
where . . . denote terms proportional to the Gauss constraint. In what follows, we will show that it is possible to define some states ψ which are in the kernel of the operator corresponding to C ab and that we can constructŜ such that its action does not take states out of the kernel in the continuum limit. This achievement solves on a quantum level all the issues related with the second class character of the system of constraints (3), since the operator associated to D ab , defined from (5), vanishes. Moreover, we will also derive a class of states which are annihilated by S. These states are naturally candidates for being physical states of quantum gravity.
III. WILSON LOOPS OF THE LORENTZ GROUP
Let us consider a loop representation for quantum gravity, in which states are defined as Wilson loops W α (ω) of the spin connection along some loop α, i.e. as the trace of the holonomy along α
IJ being Lorentz generators in the irreducible representation (k, ρ). Here, we refer to Naimark classification of Lorentz irreducible representations [22] (a brief introduction is also given in [23] ), in which k is a integer or semi-integer non-negative number and ρ ∈ C. Each representation is constructed as a tower of SU (2) irreducible representations with spin numbers j from k up to infinity, i.e.
Let us stress that working with holonomies of the Lorentz group is much more complicated than, for instance, with SU (2) holonomies. The Haar measure of Lorentz group is unbounded, since the group is noncompact, and irreducible representations are generically infinite-dimensional. Hence, we cannot rigorously define the kinematical Hilbert space as in LQG.
There are two different kinds of representations: the complementary series for k = 0 and imaginary ρ (and it is unitary for 0 ≤ |ρ| ≤ 1), the principal series for real ρ.
Momenta π a IJ are smeared over surfaces S and their action provides the insertion of a Lorentz generator at the intersection point P between α and S (if there is no intersection the momentum operator vanishes)
where o (α,S) = ±1, 0 depending on the relative orientation between S and α, and α = α 1 ∪ α 2 P = α 1 ∩ α 2 . These states are invariant under local Lorentz transformations, thus the conditionĜ IJ W α = 0 holds. The vector constraint V a generates spatial diffeomorphisms and, mimicking the procedure adopted in Loop Quantum Gravity, one can formally solve it by defining states over s-knots [α], i.e. over the equivalence classes of loops under diffeomorphisms [3] . The operators associated to C ab (x) can be defined via a proper regularization prescription. We can replace the two momenta with the associated fluxes across two surfaces with infinitesimal area ǫ 2 [28] . The resulting expression converges to the continuum one in the limit ǫ → 0 and it is ready to be quantized. This way, we get the following operator associated to C abĈ ab (x) = lim
where S a x denotes a surface containing x dual to the direction a. It is worth noting that the operator above is not regularized, as it diverges in the limit ǫ → 0. This is not surprising, since its classical counterpart is quadratic in momenta, thus it is a distribution with the same degree of divergence. This also means that if the operator vanishes it does as a distribution (times a diverging factor in the continuum limit). Hence, one can define a renormalized operatorĈ ab ren = ǫ 4 C ab and work with only finite quantities.
This way, one gets (see appendix A)
and we have two possible solutions, k = 0 and ρ = 0. In what follows, we consider
IV. SCALAR CONSTRAINT
In order to construct the operator associated with the scalar constraint S, we need to replace the curvature R
IJ ab
with the corresponding expression in terms of holonomies h k0,ρ0 l along same link l. This is generically ambiguous, since the quantum numbers {k 0 , ρ 0 } of the holonomy are not specified. The action of the holonomy operator on a Wilson loop provides the insertion of the holonomy into the quantum state, if the holonomy and the original loop do not share any link, while for common links the resulting representation is obtained via recoupling theory. The recoupling theory gives the rule to combine two representations into a new one, the most celebrated sample being SU (2) recoupling theory, which tell us how to sum up spins via Clebsch-Gordan coefficients (or Wigner 3j symbols). Similarly, one can define Clebsch-Gordan coefficients for the Lorentz group [24] and the product between two holonomies along a common link l provides a linear combination of holonomies along the same link with Clebsch-Gordan coefficients.
We want now to define the operatorŜ such that in the continuum limit it does not take us out of the space in which (11) holds. In other words, we see the discretization of the spatial manifold as a pure regularization i.e. as a mere formal way to do computations, and we check the consistency of our results (in this case the consistency between the constraints C ab = 0 and S = 0) only after having removed the regulator. Let us now construct explicitly the operatorŜ(x), corresponding to S(x). Similarly to the operatorĈ ab , S can be defined as followŝ 
In the expression above we choose a symmetric ordering between the holonomy and flux operators. We introduced the renormalized operatorŜ ren (x), in which we removed the 1/ǫ 6 factor and also the constant A, which diverges for infinite representations.
The action ofŜ on W α (see appendix B) provides the insertion of the loop Ω x ab and of three Lorentz generators, corresponding to the two momenta and the Lorentz generator within the trace in (12) . The nontrivial case is that in which the loop Ω x ab and α have one edge in common, such that Lorentz recoupling theory has to be applied to infer the representation based at that edge. Even if we choose the quantum numbers (k 0 , ρ 0 ) of the holonomy along Ω x ab such that (10) holds, namely k 0 = 0, the recoupling theory between states with quantum numbers (0, ρ) and (0, ρ 0 ) provides some representations (k ′ , ρ ′ ) with k ′ = 0, such that resulting state is not anymore a solution of (10). However, in the continuum limit the loop Ω x ab shrinks to a point and, taking care of the presence of Lorentz generators, one can see how the resulting state does not contain any representation violating the condition (11) . In this sense, we circumvent the second-class character of the system of constraints (3).
Furthermore, one can demonstrate how the conditionŜ ren (x)W 0,ρ
where the sum and the integrals extends over all the admissible values of k ′ and ρ ′ , i.e. those for which the ClebschGordan coefficient of the Lorentz group C 0ρjm k ′ ρ ′ j ′ m ′ 0ρ0j0m0 is nonvanishing. Generically, it is very hard to manage an expression like that, because the integral extends over an unbounded domain. In what follows, we will outline how (13) is solved for finite dimensional representations.
V. FINITE DIMENSIONAL REPRESENTATIONS
Finite dimensional representations of the Lorentz group can be obtained as the direct product of two complexified SU (2) representations D j0 and D 0j ′ , which are associated with the two SU (2) subalgebras contained into the Lorentz algebra. We can represent them as follows [26]
D j0 and D 0j ′ being SU (2) representations analytically continued to complex angles and related via complex conjugation
Finite dimensional representations in Naimark classifications have the following quantum numbers
where ρ is imaginary, and they describe a tower of SU (2) irreducible representations with spin number from k up to j + j ′ . The recoupling theory can be inferred from that of SU (2), as follows
The same relations (14) and (17) hold for Euclidean gravity, i.e. if the Lorentz group is replaced by SO(4). Hence, all the conclusions we will infer for finite representations of the Lorentz group are valid in the Euclidean case too, but in that case the representation (14) describes a couple of independent SU (2) representations with spins j and j ′ . Going back to gravity, (10) is solved for
such that we are interested in those states of the form D jj . Taking D j0j0 for the holonomy in the regularized expression of the scalar constraint, the admissible quantum numbers k ′ and ρ ′ can be directly computed from the recoupling theory (17), i.e.
Hence, there are (2j 0 +1) 2 admissible values for (k ′ , ρ ′ ), corresponding to (|I−I ′ |, 1+I+I ′ ) for I, I ′ = j−j 0 , . . . , j+j 0 , such that the condition (13) becomes a finite summation over them. In particular, the right-hand side of (13) becomes
where we used ρ = 2j + 1, while the left-hand side rewrites
Surprisingly, the explicit computation of the expression above gives j+j0 I,I ′ =j−j0
which coincides with (20) . Therefore, the condition (13) holds identically for finite representations. This means that D jj are simultaneous solutions of both the condition C ab = 0 and the scalar constraint in the continuum limit.
VI. CONCLUSIONS
We have derived a procedure to define a class of states which are annihilated by the constraints of gravity in Einstein-Cartan formulation. In particular, we avoided the issues concerning the second-class character of the system of constraints (3), by defining the scalar constraint mapping states in the kernel ofĈ within themselves. In order to do that, we need to perform a continuum limit first. This means that the theory is consistent only after the continuum limit has been taken. Hence, the adopted regularization is just a formal tool to perform some calculations and has nothing to do with a physical quantum description for gravity. It is worth noting how this is exactly the status of lattice-regularization in Quantum Field Theories, while in Quantum Gravity the general expectation of a fundamental discrete geometric structure suggested to promote the lattice to a real description of the physical reality.
It is worth noting the differences with LQG and Spin Foam models. We considered pure Einstein-Cartan action, thus no Immirzi parameter is present (although it can be included). We did not really define a kinematical Hilbert space on which the constraints are well-defined operators, we just require the preHilbert space to be large enough to contain holonomies and left/right-invariant vector fields. The kinematical scalar product is problematic (but not the physical one) because we are dealing with a non-compact gauge group and the associated Haar measure is unbounded. Furthermore, the constraints operators are not regularized, but contain a diverging factor in the continuum limit. In some sense, we are less ambitious and rigorous than LQG and, inspired by topological theories, we are just looking for some states which are solutions of constraints. This is legitimate, since the kinematical Hilbert space may not be necessary at all and, even if it can be defined, it does not necessarily give us information on the space of physical states (see for instance [27] ).
In the covariant version of LQG, one identifies the kinematical states (which are boundary states for Spin Foam models) as certain SU (2) subrepresentations within each Lorentz irreps [16] . Here, one finds that physical states are finite dimensional Lorentz irreps, thus a finite tower of SU (2) representations, and the action of boosts can be naturally implemented on them (while in LQG their action is trivial, being proportional to that of rotations). Hence, the physical states of our model are different from the kinematical states of covariant LQG. It cannot be excluded that the two kinds of states can be related via a sort of gauge-fixing of boosts, as soon as the present analysis is repeated with the Holst modification of Einstein-Cartan action. However, it is worth noting that our states are physical and they can be found just because of the simplifications occurring in the scalar constraint when local boosts are not fixed.
In order to gain some intuition whether the states we found can capture the relevant features of the gravitational field we need to perform a proper semiclassical limit and study the behavior of observables. The lack of observables and of proper semiclassical techniques requires a theoretical effort to try to characterize the behavior of our solutions. Up to now, our states just stand as mere candidates for a full quantum theory of gravity.
[26] K. N. Srinivasa Rao, "The rotation and Lorentz groups and their representations for physicists," (Wiley, 1988 In this section, we compute explicitly the action of the constraint (9) . By using (8) we get
where we choose the three surfaces S a x such that they intersect α in one and the same point x = α 1 ∩ α 2 (this is always possible by refining). We can give the following graphical description of the operatorĈ
where the dashed lines, denoting the insertion of Lorentz generators, are placed in x. It is worth noting that the operator acting on the right-hand side of the equation above coincide with one of the Casimir operators of the Lorentz group, namelyĈ
such that we getĈ
which coincides with the expression in (10).
Appendix B: Action of the scalar constraint
Let us compute the action of the scalar constraint operator (12) on the Wilson loop and, in order to have a nontrivial action, we choose one of the links of Ω x ab to coincide with a link of α beginning in x, the other link being orthogonal (by explicit computation one can verify that in all other cases S has a vanishing action).
The action of the momenta just provides the insertion of Lorentz generators at dual links, while that of the holonomy adds new links to α and provides the product between the holonomies in the representations {0, ρ 0 } and {0, ρ} for the shared link, which can be computed via recoupling theory. The second term in the sum (12) vanishes, since under the exchange I ↔ J the action of the two momenta provides a symmetric expression, while the operator T r τ 0,ρ0
is skew-symmetric. Hence, let us compute the action of the first term of the sum (12):
where the trivalent nodes represent Clebsch-Gordan coefficients and the insertion of Lorentz generators occurs in the (left, right and up) neighborhoods of the nearest node. The integral extends over all the admissible values of ρ ′ , i.e. those for which the Clebsch-Gordan coefficients at nodes do not vanish, and the measure µ(k ′ , ρ ′ ) is proportional to k 2 + ρ 2 . Let us note that we can replace τ [I|J| τ
J K] with τ IK . It is worth noting the role of the arrows, which tell us about the orientation of each link. Using the invariance under Lorentz transformations, one can move the generators across the nodes using the following relations
where the other Casimir operator of the Lorentz group appears,
In the limit ǫ → 0, the holonomies along the loop go to the identity and one ends up with only the two Clebsch-Gordan coefficients at nodes, i.e.
✛ ρ j i , m i and j f , m f being spin numbers which are contracted with those of the right and left holonomies in the representation ρ. Hence, in order to find physical states, we must solve the following condition for ρ
It is worth noting that
which implies that the final result is the original Wilson loop times some factor depending on the summation of two Clebsch-Gordon coefficients. Therefore, in the continuum limit, the action of the scalar constraint does not take Wilson loops out of the kernel of the operatorĈ ab and the restriction to k = 0 is consistent with the dynamics. This formally solves the issues related with the second-class character of the system of constraints (3).
